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Abstract 

We consider quantum teleportation using the thermally entangled state of a three-qubit Heisen- 
berg XX ring as a resource. Our investigation reveals interesting aspects of quantum entanglement 
not reflected by the pairwise thermal concurrence of the state. In particular, two mixtures of dif- 
ferent pairs of W states, which result in the same concurrence, could yield very different average 
teleportation fidelities. 



Quantum entanglement, as aphysical resource, lies at the heart of quantum computa- 
tion and quantum information [if. An entangled composite system gives rise to nonlocal 
correlation between its subsystems that does not exist classically. This nonlocal property 
enables the uses of local quantum operations and classical communication to teleport an 



unknown quantum state via a shared paii__o: 
any classical communication protocol j2 



^entangled particles, with fidelity better than 
|. Quantum teleportation can thus serve as 



an operational test of the presence and strength of entanglement. It is not only relevant 
to quantum communication between two distant parties but also to quantum computation, 



.0 and 0, 



as quantum teleportation is a universal computational primitive p|. In Refs 
ieleportation of a quantum state using three-particle entangled GHZ state |^ and W state 
^ as resources have been demonstrated respectively. Three-particle entangled states have 
also been shown to have advantages over the two-particle Bell states in their application to 



dense coding 



10 



111 ] and cloning 
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In recent years, the presence of entanglement in condensed-matter svstems at finite tem- 
peratures has been investigated by a number of authors (see, e.g., 

Refs.QQ 

and references 

therein). The state of a typical condensed- matter system at thermal equilibrium (tempera- 
ture T) is p = e~^^ /Z where H is the Hamiltonian, Z = tre~^^ is the partition function, 
and 3 = 1/kT where k is Boltzmann's constant. The entanglement associated with the 

n 

thermal state p is referred to as thermal entanglement [16|| . The bulk of these investigations 
concentrated on the quantification of thermal entanglement and how this quantity changes 
with temperature T and external magnetic field Bm- More recently, quantum teleportation 
of an unknown state using the thermally entangled state of a two-qubit Heisenberg XX 



chain 



the one-way quantum computer 



19 



17| has been demonstrated in Ref . [iS^ . This could have relevance to proposals like 



In this paper, we consider quantum teleportation in the three-qubit Heisenberg XX ring 
[l^ . First, we carry out a detailed analysis of the pairwise thermal entanglement in the 
model, in t he p resence of an external magnetic field B^- We find that in contrast to re- 
sults in Ref. jl^ , the antiferromagnetic ring can have nonzero pairwise thermal entanglement 
when Bm ^ 0. In addition, the maximum amount of pairwise thermal entanglement in the 
ferromagnetic r ing is increased by the presence of B^- Next, we describe the teleporta- 



tion scheme P\ 



2J| and analyze the "average fidelity criterion", Eq.(32). Interestingly, the 



nonzero thermal entanglement associated with the antiferromagnetic ring cannot yield, for 



2 



the teleportation scheme Pi, average fidehty better than any classical communication pro- 
tocol. With the ferromagnetic ring, although quantum teleportation with average fidelity 
better than any classical communication protocol is possible, the amount of nonzero thermal 

entanglement does not guarantee this. In fact, we could have a more entangled thermal state 
not achieving a better average fidelity than a less entangled one. 

The Hamiltonain H for a three-qubit Heisenberg XX ring in an external magnetic field 
Bm along the z axis is 

+Cr\ (8) (7| (g) (7c + (7° (8) (7| (8) (7^ + (7^ (8) (Tg (8) (7^) 
+ ^Brn (a\ (8) £7^ (8) C7^ + £7^ (8) C7| (8) £7^ + £7^ (8) £7^ (8) £7^) (l) 

where (7° is the identity matrix and (7^(i = 1, 2, 3) are the Pauli matrices at site a — A,B, C: 




1 

1 



-i 

1 




J is real coupling constant for the spin interaction. The ring is said to be antiferromagnetic 
for J > and ferromagnetic for J < 0. The eigenvalues and eigenvectors of H are given by 
H\000) = fS^IOOO), H\W') = l{Bm + U)\W^), H\W^'^) = l{Bm - 2J)\W^'^), H\W^) = 
-^{Bm - 4J)|W^^), H\W^'^) = + 2J)\W^'^), H\ni) = -fS^llll), where 

= -^(1001) + 1010) + I100)), 



\W^) -- 



a/3 



(|001) + g|010) + g2|100)). 



^(|001) + g>10) + g|100)). 



1 

73 



(|011) + |101) + |110)), 



\w')^-j={\on) + q\ioi) + q'\m)), 

|V^6) = -^(|011) + g2|ioi) + g|110)), 

with q — exp(i|7r). Here, we use |0) and |1) to denote an orthonormal set of basis states 
for each two-level system. For the composite system in equilibrium at temperature T, the 
density operator is 

1 fe-i^^-|000)(000| + e-^^(^-+^'')|iy^)(iy^| +e-5^(^'"-'-^)|iy')(iy'| 



Xabc 



(2) 



where the partition function Z = 2cosh|/3i?m + 2e~'^^'^ cos\i\(3Bm + 46^^"^ cosh |/3_Bm, the 
Boltzmann's constant k = 1 from hereon and (3 = 1/T. By symmetry under cychc shifts, 
the reduced density operators pab = trcXAsc, Pbc = t^AXABC, pAc = ^t^bXabc are equal. 
In Ref.flJ], Wang et al. quantify the amount of entanglement associated with pab-, by 



considering the concurrence 
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2^, C = max{Ai - A2 - A3 - A4, 0} where \k{k = 1, 2, 3, 4) 



are the square roots of the eigenvalues in decreasing order of magnitude of the spin-flipped 
density matrix operator R = pAB(o"^®cr2)p^^(cr2(g)cr2), where the asterisk indicates complex 
conjugation. After some straightforward algebra, 



Al = ^i2e-^^' + e^') cosh(l/5S^), A2 = 2e^^ cosh(l/5i?„). 



3 



A3 — A4 — 

and the thermal concurrence is 

2|e-W_e/3J|coshi/?B 



2 2 

+ 77(e-2/3J + 2ePJ) cosh/55^ + 1 



(3) 



C{p_ 



AB 



max 



-2/3J 



+ 2e^-^)2 + 6(e-2/5-^ + 2ePJ) cosh I3B^ + 9 



3 (cosh ll3B.m + cosh \l3B^ + 2ePJ cosh \l3B„ 



(4) 

When Bm = 0, Eq.(4') reduces to that in Ref . }14)] . In contrast to the two-qubit Heisenberg 



HQ 



XX chain I, the concurrence is invariant only under the substitution B^ —Bm but 

not J ^ — J. We thus restrict our considerations to B^ > 0. The latter indicates that the 
entanglement would not be the same for the antiferromagnetic (J > 0) and ferromagnetic 
(J < 0) cases. 

For J > 0, Eq.(2) reduces, in the zero temperature limit, i.e., (3 — > 00, to the following 
four possibilities. 

a. Case I: Bm = 
1 r 

Xabc — 



|000)(000| + e'^'^{\W^){W^\ + \W^){W^\ + \W^){W^\ + \W^){W^ 



1 



-{\W'){W'\ + \W'){W\ + \W''){W''\ + \W){W''\) 
with Z = 2 + Ae^'^ . From Eq.(4), the above equally-weighted mixture has 



C{p_ 



1 



-2/3J 



AB 



max 



1 + + 2e^-^ 



,0 



0. 



Illl)(llll 

(5) 
(6) 
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b. Case II: < < 2J 



Xabc — 



1 



g/3(2B^-j) _^ 2e'^^™ + 2 
1 



+ 



lll)(llll 



1 2e~'^(^™"'^) + 2e"'^(2^™"'^) 

+ |H/6)(1^6| + |iii)(iii|) if = J, (7) 
^ |111)(111| if J <B^<2J 

with Z = el/3-Bm-)-2e5/5(^m+2J)_|_2g-|/3(-Bm-2J)_ Eq.(4), in the zero temperature hmit, reduces 
to 



C{pab) 



3(2 + e/3(s™-^)) 



i if < 5„ < J, 

I if -Bm = J, 

if J < 5™ < 2J. 



(8) 



c. (7ase ///.■ 2J <Bm<4:J 

_ 1 
Xabc — ^ 



gi/3(B„+2J)Q^5^^p^5| ^ ||y6^^^6|) ^ e 2^^™ 1 1 1 1) ( 1 1 1 1] > |111)(111| (9) 



with Z = ei^^- + 2ei^(^'"+2-^) 
(f. Case IV: 4J < S„ 

1 



Xabc — 



^ |111)(111| 



(10) 



+ \W^){W'^\) + e2^^™|lll)(lll| 

with Z = et^-^™ _^ g|/3(B™-4j) _^ 2ei'^(^™+2-'). Clearly, the concurrence in ///and /Fare both 
zero. = J therefore marks the point of quantum phase transition from an entangled 
phase to an unentangled one. 

It is obvious from Eq. (6) that in Case I, the thermal concurrence remains zero even 
at nonzero temperatures [l^. However, for Bm > J, unequal mixing of entangled and 
unentangled states in the spectra of the three-qubit Heisenberg XX ring results in nonzero 
thermal concurrence at T > 0. The thermal entanglement would, in general, decrease 



in quantity as Xabc approaches the maximally mixed state ^Iabc in the limit of infinite 
temperature. It is thus an interesting problem to determine the critical temperatures Ti 
beyond which the amount of thermal entanglement becomes zero. From Eq.(4), Ti clearly 
depends on the external magnetic field Bm, in contrast to the two-qubit XX Heisenberg 
chain jl3]. These Ti's can be obtained by numerically solving 



2(e'^J - e-^^-^) cosh - ^ {e'^PJ + 2ePJY + Q{e-^PJ + 2ePJ) cosh/35^ + 9 = (11) 

(see Table 1). We note that Ti increases with increasing Em- When Bm is large enough, 
Eq.(ll) reduces to 

- Qx^ - 2x^ - Sx^ + 1 = 0, (12) 

with X = e^"^, which can be numerically solved to yield ~ 0.554641J. Consequently, as 
long as T < T^*, the thermal concurrence would be nonzero, albeit very small. 

For J < 0, Eq.(2) reduces, in the zero temperature limit, i.e., f3 — > oo, to the following 
four possibilities. 



e. Case V: = 



Xabc — ^ 



|000)(000| + e~^'^-WW^){W^\ + \W^){W^\) + |111)(111| 



^{\W'){W'\ + \W^){W*\) 



with Z = 2 + 2e "^^"^ . From Eq.(4), the above equally- weighted mixture has 

e-2/3J _ (3 + 4e/3J) 



C{pab) = max 



3(1 + + 26/3-^) 



,0 



1 
3' 



(13) 



(14) 



/. Case VI: < 5„ < -2J 
1 



Xabc — 



g-i/3(B„+4J)|y^l^^yf^l| ^ ef/3(B™-4J)|y^4^^^4| ^ gt'^^™ 1 1 11 ) ( 1 1 1 1] > \W^) {W^\ 

(15) 

with Z = e^''^™ + e^^*^^"""^-^) + e~^'^'^^"'~^'^-^\ In the zero temperature limit, Eq.(4) reduces 
to 



C{pab) = max 



3(1 + e/3(^-+2-^)) 



,0 



2 

3^ 



(16) 



a signature of IW^). 
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g. Case VII: -2J < Bm < -4J 

1 



Xabc = ^ 



j^^mB^+^J)(\W''){W''\ + |Vr^)(Vr''|) + et^^'"|lll)(lll| 

i(|1^4^(H^4| + |iii)(iii|) if = -2J, ^^^^ 

I 111) (11 1| otherwise 

with Z = ei^^'" + 2e^^(^'"+2-^) + ei^^^™-^-^) + e-i^(^'"+4-^). It follows from Eq.(16) and 
Eq.(17) that 

C{pab) -- 



I if Bm = — 2J, 



otherwise. 
h. Case VIII: -4J < 5„ 

+ \W^){W^\) + e5^^™|lll)(lll|] — > |111)(111| (18) 

with Z = et^'^™ + 26^^^^"^'^'^'^'^ + e^^^-^™"^-^). Consequently, the concurrence is zero in this 
case. So, = —2 J marks the point of quantum phase transition in the ferromagnetic ring. 

The critical temperatures Ti for the ferromagnetic ring again depends on Bm and can be 
obtained by numerically solving 

1 



2(e-2/5^ - e'^^) cosh -pB^ - ^J{e-^^■^ + lef^Jf + 6(e-2/3^ + 2e/^^) cosh/55^ + 9 = (19) 
(see Table 11). In particular, when B^, = 0, Eq.(19) reduces to 

g-2/3J _ ^3 ^ 4g/3J^) ^ Q (20) 

which yields Ti ^ —1.2 71 36 J Q]. We note that Ti similarly increases with increasing Bm- 
For large enough Bm, Eq.(19) reduces to 

1/6 - 3y^ -2y'-6y + l = 0, (21) 

with y = e'^"^ , which can be numerically solved, giving T^* ^ —1.32639 J. So, for large Bm, 
the thermal concurrence would be small but nonzero as long as T < T**. 

For both J > and J < 0, Ti increases with increasing Bm up to T* and T** respectively, 
as long as Bm is not infinitely large, in which case Xabc — ^ the thermal con- 

currence would become zero. Physically, one could understand this phenomenon by looking 



at the thermal density operator, Eq.(2). Recall that while an equally weighted mixture of 
IW^), \W^), \W^) and \W^) has zero concurrence, Eq.(5) and Eq.(6); an equally weighted 
mixture of \W^) and \W^), Eq.(7) and Eq.(8), and \W^), Eq.(15) and Eq.(16), have nonzero 
concurrence. At nonzero temperatures, increasing creates a diminishing proportion of 
IW"^) and \W^), but an increasing proportion of \W^) (entangled states), and 

of course |111) (unentangled state). The small but nonzero proportion of entangled states 
contributes to the nonzero thermal concurrence. 

Now we describe the quantum teleportation protocol Pi using the above three qubit 
mixed state Xabc as a resource. It involves a sender, Alice (at site A), and two receivers. 
Bob (at B) and Cindy (at C). Alice is in possession of two two-level quantum systems, the 
input system S, and another system A entangled with both a third two-level target system 
B in Bob's possession, and a fourth two-level target system C in Cindy's possession (i.e. 
a three-particle entangled state). Here, we label the entangled systems by the site indices. 
Initially the composite system SABC is prepared in a state with density operator 

(^Tabc = (8) Xabc 

where 

7r5 = |V')5(V'|, |V)5 = cos^|0)5 + e^^sin^|l)5, (22) 

0<^<7r, O<0<27r arc the polar and azimuthal angles respectively, and Xabc-, is as 
given in Eq.(2). To teleport the input state tts to Bob's target system B and Cindy's target 
system C, Alice performs a joint Bell basis measurement on systems S and A, described by 
operators II^^ ® Ibc, Ibc is the identity operator on the composite subsystem BC, j labels 
the outcome of the measurement, 

nL = I*+)5a($+|, = |$-)5a($-|, = |*+)5a(*+|, n^^ = I*")5a(*-|, (23) 

where 

\^^)sA^^{msA±\ll)sA): 
|*^)5A = ^(|01)5A±|10)5a) 

are the Bell states. If Alice's measurement has outcome j, she broadcasts her measurement 
result (two-bit) to Bob and Cindy via a classical channel. The joint state of Bob's target 
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system B and Cindy's target system C conditioned on Alice's measurement result j is given 

by 

Pbc = — tr5A[(n^5A ® Ibc){tts ® Xabc)], (24) 
Pj 

where 

Pj = tlsABclO^SA ® ^Bc) {-^S ® XABc)] • (25) 

Substituting Eq.(2), Eq.(22), and Eq.(23) into Eq.(25) yields 

P'=P^ = ^^''^^""""^'^f -9 cos 9), (26) 

where 

/ = 3ei'^^-(l + e^^™)(l + 2e=^^-^) + 3e^'3^™(l + e3'3^'")e2^'^, 

g = el^^-{l - e^^-)(l + 2e^^') + 3e^^^-(l - e''^''-)e^''' . 

For Bob and Cindy to successfully complete the teleportation protocol, they perform j- 
dependent unitary operations U^^ = = on systems B and C respectively (p-^ = 
t^cPfic = trsPsc = Pc = f^) such that 

4 = = r^' = f/Vf/^t^ (27) 

where ?7-^ could either be the identity matrix or one of the Pauli matrices (see Table III). 
The success of the teleportation scheme can be measured by the fidelity j23[ between the 
input state 7rj„ and the output state r^^t^ averaged over all possible Alice's measurement 
outcomes j and over an isotropic distribution of input states vTj^: 

sin t)d9d(j) 

i=i 
where 

=tT{TLt7rin)- (29) 

It follows from Eq.(22) and results from Eq.(24) that 

hi + h2 cos 29 



1 rTT r2n ^ 

{F) = — / sin 9d9d^ y2pjF^ (28) 
47r JO Jo -1 



F' 



4{f + g cos 9) 

hi + /i2 cos26' 
4(/-^7cos^)' 



(30) 



where 

h, = -et^^™(l + e^^-)(l - 4e'^') - 3e^'^^-(l ^ .^/ss^^.W 



e 



Substituting Eq.(26) and Eq.(30) into Eq.(28) gives 

1,2 (2 + e^/^^)coshl/3i?^ 

^ ^ 3 9(1 + 2e3/3-^) cosh + e^/^^ cosh ^ ^ 

In order to transmit 7rj„ with fidehty better than any classical communication protocol, we 
require (F) to be strictly greater than |. In other words, we require 

1/ -2/3J _ 4 /3Jn cosh 

3^'' ^> cosh 1/35^ ^^^^ 

and hence J < 0. That is, the nonzero thermal entanglement for J > is "not suitable" as 
a resource for teleportation via Pi. 

In the zero temperature limit, Eq.(31) reduces to 



3 9(1 + e/^(^-+2J)^ 



I if < < -2J, 

§ < I if S„ = -2J, (33) 

I < I if - 2 J < 



So, in spite of the fact that in Case V, the concurrence is only |, the equally weighted 
mixture in Eq.(13) is able to yield (F) = |. Comparing this with the equally weighted 
mixture of \W^) and \W^) in Eq.(7), which has concurrence also equal to |, but cannot 
yield {F) > |, certainly illustrates a fundamental difference between the entangled mixed 
states not reflected by the concurrence. For < B„i < —2J, {F) = | is a clear signature 
of (see Ref.|2.])- At Bm = —2 J, the mixing of {W^) with an equal proportion of |111) 
deteriorates the "quality" of the entanglement so much that (F) is now less than |. We note 
that Bm = —2J marks the point of "transition" from {F) > | to {F) < |. This coincides 
with the point of quantum phase transition in the ferromagnetic ring. 

For nonzero temperatures it is again an interesting problem to determine the critical 
temperatures T2 beyond which (F) < |. From Eq.(32), T2 is clearly dependent on the 
magnetic field Bm, as in Ref.^^. They can be obtained by numerically solving 

(e-2/3-^ - 4e^-^) cosh ^PBm - 3 cosh ^pBm = 0. (34) 
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(see Table II). Interestingly, when Bm — 0, Eq.(34) reduces to Eq.(20) which thus yields 
T2 = 7i ~ — 1.27136J. This means that all nonzero thermal entanglement, in this case, is 
"suitable" as a resource for teleportation via Pi. The mixing of states here clearly does not 
have a devastating effect on the quality of the thermal entanglement. Supppose T is small 
enough, and let -B^ = —V^^ < 77, then Eq.(34) yields 

T2 = -^(2-r/)J>0. (35) 

So, r} can at most equal 2, and as rj — 2, T2 — > consistent with our assumption. As 
shown in Table II, T2 decreases with increasing Bm and each T2 is strictly less than the 
corresponding Ti, which increases asymptotically to Tj**. This means that with increasing 
Bm we have an increasing range of nonzero thermal entanglement which is however not able 
to yield (F) > |. Physically, one could attribute the cause of the poor quahty of thermal 
entanglement to the fact that there is now a comparable or greater proportion of unentangled 
I 111) than the "teleportation grade" \W^) and |VF^). 

In conclusion, our "average teleportation fidelity criterion", Eq.(32) reveals several 
interesting aspects of quantum entanglement not reflected by concurrence. On the one 
hand, whereas comparable mixing of entangled states certainly decreases the resulting 
pairwise concurrence (see Eq.(5) and Eq.(6), Eq.(7) and Eq.(8), Eq.(13) and Eq.(14)), it 
could result either in low quality states which yield (F) < |, or in high quality states giving 
(F) > |. On the other hand, comparable mixing of entangled with unentangled states 
not only certainly decreases the resulting pairwise concurrence (see Eq.(7) and Eq.(8), 
Eq.(17)) but definitely degrades the teleportation quality of the entangled mixed state. 
Furthermore, the teleportation quality of the entangled mixed state is more sensitive to the 
degree of mixing than its concurrence. As a result, we could have a more entangled thermal 
state not giving a better average fidelity than a less entangled one. Since entanglement is 
such an important resource in quantum information, it is very important to have a more 
fundamental understanding of these aspects of quantum entanglememt. 
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is an output from project activity funded by The Cambridge MIT Institute Limited ("CMI"). 
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V 


Ti 


0.1 


0.234194J 


0.3 


0.332167J 


0.6 


0.414045J 


1.0 


0.476533J 


1.3 


0.504831J 


2.0 


0.538225J 


7.0 


0.554639J 


9.0 


0.554641J 


10.0 


0.554641J 


100.0 


0.554641J 



TABLE I: 

The critical temperature T\ is a function of both J and Bm = rjJ, rj > 0. 
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V 


Ti 


T2 


0.0 


-1.27136J 


-1.27136J 


0.6 


-1.27457J 


-1.17224J 


0.8 


-1.27686J 


-1.08726J 


1.0 


-1.27959J 


-0.965516J 


1.2 


-1.28263J 


-0.795176J 


1.4 


-1.28585J 


-0.578739J 


1.6 


-1.28916J 


-0.368014J 


1.8 


-1.29246J 


-0.182056 J 


1.9 


-1.29408J 


-0.0910239J 


2.0 


-1.29567J 





10.0 


-1.32628J 




15.0 


-1.32639J 




16.0 


-1.32639J 




100.0 


-1.32639J 





TABLE II: 

The critical temperatures Ti and T2 are functions of both J and 5^ = — ry J, ry > 0. 



Ahce's measurement result j Bob's unitary operation Cindy's unitary operation 

1 <^x 

2 ay ay 

3 11 

4 rr- fx- 



TABLE III: 

Bob's and Cindy's unitary operations conditioned only on Alice's measurement results. 
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